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Introduction: self-bound Bose-Bose droplet

Few years ago, Petrov1 suggested theoretically the existence of
self-bound quantum droplets in an attractive Bose-Bose mixture,
where the collapse is suppressed by a beyond-mean-field term.

Recent experiments with two internal states of 39K atoms in a 3D
configuration, performed both at Barcelona2 and Florence3,
substantially confirm these theoretical predictions.

In another experiment at Barcelona4 self-bound states of the
two-component BEC have been studied in a tight optical
waveguide (quasi-1D confinement): a smooth crossover
interpolating between bright soliton and droplet states has been
observed.

In this talk I discuss our theoretical results5 about this soliton-droplet
crossover.

1D.S. Petrov, Phys. Rev. Lett. 115, 155302 (2015).
2C.R. Cabrera et al., Science 359, 6373 (2018).
3G. Semeghini et al.. Phys. Rev. Lett. 120, 235301 (2018)
4P. Cheiney et al., Phys. Rev. Lett. 120 135301 (2018).
5A. Cappellaro, T. Macri, LS, Phys. Rev. A 97, 053623 (2018).



Beyond-mean-field effective action (I)

We consider a Bose gas made of atoms in two different hyperfine states.
Each component can be described by a complex field ψj(r, t) (j = 1, 2),
whose dynamics results from the following real-time low-energy effective
action

S =

∫
dt d3r

[ ∑
j=1,2

i~
2

(
ψ∗j ∂tψj − ψj∂tψ

∗
j

)
− Etot

(
ψ1, ψ2

)]
. (1)

The total energy density Etot reads

Etot =
∑
j=1,2

[
~2

2m
|∇ψj |2 + Vext(r)|ψj |2 +

1

2
gjj |ψj |4

]
+ g12|ψ1|2|ψ2|2 + EBMF(ψ1, ψ2) ,

(2)

where Vext(r) is an external confining potential, gjk = 4π~2ajk/m are the
interaction strengths with ajk being intra- and inter-species scattering
lengths, and nj(r, t) = |ψj(r, t)|2 is the number density of the species j .



Beyond-mean-field effective action (II)

The beyond-mean-field term EBMF arises from the zero-point energy of
Bogoliubov elementary excitations6, namely

EBMF =
8

15π2

(m
~2

)3/2

(g11n1)5/2f

(
g2

12

g11g22
,
g22n2

g11n1

)
(3)

with f (x , y) =
∑
±[1 + y ±

√
(1− y)2 + 4xy ]5/2/(4

√
2).

The calculation leading to the ground state properties can be simplified
by assuming7 the two components occupying the same spatial mode
φ(r, t). The bosonic fields can then be written as

ψj(r, t) =
√
Nj φ(r, t) . (4)

This assumption neglects the inter-component dynamics, resulting
inadequate to probe spin-dipole oscillations.

6D.M. Larsen, Ann. Phys. 24, 89 (1963).
7D.S. Petrov, Phys. Rev. Lett. 115, 155302 (2015); D.S. Petrov and G.E.

Astrakharcik, Phys. Rev. Lett. 117, 100401 (2016).



Beyond-mean-field effective action (III)

We work under the condition

N1

N2
=

√
a22

a11
, (5)

which comes from the minimization of the mean-field energy density for
the uniform system.8 By defining9

∆a = a12 +
√
a11a22 with a11 > 0, a22 > 0 , (6)

the total energy density reads (with N = N1 + N2)

Etot

N
=

~2

2m

∣∣∇φ∣∣2 + Vext(r)
∣∣φ∣∣2 + N

4π~2

m

∆a
√
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√
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+ N3/2 256
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12

a11a22
,

√
a22

a11

)∣∣φ∣∣5 .
(7)

8D.S. Petrov, Phys. Rev. Lett. 115, 155302 (2015).
9Notice that the mean-field uniform system becomes unstable for ∆a < 0.



Beyond-mean-field effective action (IV)

Inspired by the recent experiment of the Tarruell group at Barcelona10

from now on, we consider a quasi-1D optical waveguide which gives a
harmonic confinement only on a transverse plane

Vext(r) =
1

2
mω2
⊥(x2 + y2) (8)

The presence of a harmonic potential defines a characteristic length
scale, namely

a⊥ =

√
~

mω⊥
. (9)

We work with a11 > 0, a22 > 0 but a12 < 0. We investigate different
values of

∆a = a12 +
√
a11a22 (10)

in the regime where ∆a < 0, namely in the regime where
a12 < −

√
a11a22.

10P. Cheiney, C.R. Cabrera, J. Sanz, B. Naylor, L. Tanzi, and L. Tarruell, Phys. Rev.
Lett. 120 135301 (2018).



Gaussian ansatz and soliton-droplet crossover (I)

The properties of the system can be analytically explored by taking a
Gaussian variational ansatz

φ(r) =
1

π3/4σρσ
1/2
z

exp

(
− x2 + y2

2σ2
ρ

− z2

2σ2
z

)
, (11)

whose variational parameters are σρ and σz .
By replacing Eq. (11) in the total energy density, the variational energy
per particle is then given by

E
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(12)
Here the lengths are in units of a⊥.
Experimentally, by means of Feshbach resonance, below a critical value of
the external magnetic field, the condition ∆a < 0 is achieved.



Gaussian ansatz and soliton-droplet crossover (II)
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<latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit><latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit><latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit>

(e)
<latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit><latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit><latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit>
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<latexit sha1_base64="BTN4xEVzlu7RVpDbumkRmb3JE0Q=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBUGoigoqXohePFYwtNCFstpt26e4m7G6EGvojvPhXvHhQ8erFm//GbRtQqw8GHu/NMDMvShlV2nE+rdLM7Nz8QnmxsrS8srpmr2/cqCSTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb9i5HfvCVS0URc60FKAo66gsYUI22k0N7zFe1yFPqylxygMPdTItPhvn8GC+PuWw3tqlNzxoB/iVuQKijQCO0Pv5PgjBOhMUNKtV0n1UGOpKaYkWHFzxRJEe6jLmkbKhAnKsjHTw3hjlE6ME6kKaHhWP05kSOu1IBHppMj3VPT3kj8z2tnOj4JcirSTBOBJ4vijEGdwFFCsEMlwZoNDEFYUnMrxD0kEdYmx4oJwZ1++S/xDmunNefqqFo/L9Iogy2wDXaBC45BHVyCBvAABvfgETyDF+vBerJerbdJa8kqZjbBL1jvX4/qnro=</latexit><latexit sha1_base64="BTN4xEVzlu7RVpDbumkRmb3JE0Q=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBUGoigoqXohePFYwtNCFstpt26e4m7G6EGvojvPhXvHhQ8erFm//GbRtQqw8GHu/NMDMvShlV2nE+rdLM7Nz8QnmxsrS8srpmr2/cqCSTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb9i5HfvCVS0URc60FKAo66gsYUI22k0N7zFe1yFPqylxygMPdTItPhvn8GC+PuWw3tqlNzxoB/iVuQKijQCO0Pv5PgjBOhMUNKtV0n1UGOpKaYkWHFzxRJEe6jLmkbKhAnKsjHTw3hjlE6ME6kKaHhWP05kSOu1IBHppMj3VPT3kj8z2tnOj4JcirSTBOBJ4vijEGdwFFCsEMlwZoNDEFYUnMrxD0kEdYmx4oJwZ1++S/xDmunNefqqFo/L9Iogy2wDXaBC45BHVyCBvAABvfgETyDF+vBerJerbdJa8kqZjbBL1jvX4/qnro=</latexit><latexit sha1_base64="BTN4xEVzlu7RVpDbumkRmb3JE0Q=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBUGoigoqXohePFYwtNCFstpt26e4m7G6EGvojvPhXvHhQ8erFm//GbRtQqw8GHu/NMDMvShlV2nE+rdLM7Nz8QnmxsrS8srpmr2/cqCSTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb9i5HfvCVS0URc60FKAo66gsYUI22k0N7zFe1yFPqylxygMPdTItPhvn8GC+PuWw3tqlNzxoB/iVuQKijQCO0Pv5PgjBOhMUNKtV0n1UGOpKaYkWHFzxRJEe6jLmkbKhAnKsjHTw3hjlE6ME6kKaHhWP05kSOu1IBHppMj3VPT3kj8z2tnOj4JcirSTBOBJ4vijEGdwFFCsEMlwZoNDEFYUnMrxD0kEdYmx4oJwZ1++S/xDmunNefqqFo/L9Iogy2wDXaBC45BHVyCBvAABvfgETyDF+vBerJerbdJa8kqZjbBL1jvX4/qnro=</latexit>

Axial width σz (black solid curve) and transverse width σρ (red dashed
curve) as a function of ∆a, for three values of the particle number N.
We set a11 = a22 > 0 and consequently ∆a = a12 + |a11|. a0 is the Bohr
radius. The self-bound spherical droplet is obtained when σρ = σz .



Breathing modes (I)

A deeper insight into the differences between solitonic and droplet states
can be reached by examining collective excitations around the minima of
the Gaussian variational energy.
Thus, we adopt a time-dependent Gaussian variational ansatz for the
complex scalar field:

φ(r, t) =

√√√√√ 1

π3/2
∏

K=x,y ,z

σK (t)
exp

( ∑
K=x,y ,z

(
− K 2

2σK (t)2
+ iβ(t)K 2

))
.

(13)
Inserting this ansatz into the beyond-mean-field effective action, after
some manipulations we obtain a new effective action for the three
time-dependent variational widths σK (t).
From the corresponding linearized Euler-Lagrange equations we find three
collective frequencies: two (quasi-degenerate) frequencies are related to a
breathing oscillation in the x − y plane while the third frequency is
related to a beathing along the z axis.



Breathing modes (II)
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N = 6000
<latexit sha1_base64="K01kGdczbhWEYQV9CgWSWQMkrNE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mK+HEQil48SQW3LbRLyabZNja7WZKsUJb+By8eVLz6g7z5b0zbPWjrg4HHezPMzAsSwbXB+NspLC2vrK4V10sbm1vbO+XdvYaWqaLMo1JI1QqIZoLHzDPcCNZKFCNRIFgzGN5M/OYTU5rL+MGMEuZHpB/zkFNirNS4uzrDGHfLFVzFU6BF4uakAjnq3fJXpydpGrHYUEG0brs4MX5GlOFUsHGpk2qWEDokfda2NCYR0342vXaMjqzSQ6FUtmKDpurviYxEWo+iwHZGxAz0vDcR//PaqQkv/IzHSWpYTGeLwlQgI9HkddTjilEjRpYQqri9FdEBUYQaG1DJhuDOv7xIvJPqZRXfn1Zq13kaRTiAQzgGF86hBrdQBw8oPMIzvMKbI50X5935mLUWnHxmH/7A+fwBWKWN2g==</latexit><latexit sha1_base64="K01kGdczbhWEYQV9CgWSWQMkrNE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mK+HEQil48SQW3LbRLyabZNja7WZKsUJb+By8eVLz6g7z5b0zbPWjrg4HHezPMzAsSwbXB+NspLC2vrK4V10sbm1vbO+XdvYaWqaLMo1JI1QqIZoLHzDPcCNZKFCNRIFgzGN5M/OYTU5rL+MGMEuZHpB/zkFNirNS4uzrDGHfLFVzFU6BF4uakAjnq3fJXpydpGrHYUEG0brs4MX5GlOFUsHGpk2qWEDokfda2NCYR0342vXaMjqzSQ6FUtmKDpurviYxEWo+iwHZGxAz0vDcR//PaqQkv/IzHSWpYTGeLwlQgI9HkddTjilEjRpYQqri9FdEBUYQaG1DJhuDOv7xIvJPqZRXfn1Zq13kaRTiAQzgGF86hBrdQBw8oPMIzvMKbI50X5935mLUWnHxmH/7A+fwBWKWN2g==</latexit><latexit sha1_base64="K01kGdczbhWEYQV9CgWSWQMkrNE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mK+HEQil48SQW3LbRLyabZNja7WZKsUJb+By8eVLz6g7z5b0zbPWjrg4HHezPMzAsSwbXB+NspLC2vrK4V10sbm1vbO+XdvYaWqaLMo1JI1QqIZoLHzDPcCNZKFCNRIFgzGN5M/OYTU5rL+MGMEuZHpB/zkFNirNS4uzrDGHfLFVzFU6BF4uakAjnq3fJXpydpGrHYUEG0brs4MX5GlOFUsHGpk2qWEDokfda2NCYR0342vXaMjqzSQ6FUtmKDpurviYxEWo+iwHZGxAz0vDcR//PaqQkv/IzHSWpYTGeLwlQgI9HkddTjilEjRpYQqri9FdEBUYQaG1DJhuDOv7xIvJPqZRXfn1Zq13kaRTiAQzgGF86hBrdQBw8oPMIzvMKbI50X5935mLUWnHxmH/7A+fwBWKWN2g==</latexit>

N = 10000
<latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit><latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit><latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit>

� a / a0
<latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit><latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit><latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit>

(f)
<latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit><latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit><latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit>

(d)
<latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit><latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit><latexit sha1_base64="5L84hxMSQ8TE4Yl+hTkP9u9BUAE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pms2mXbnbD7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNORPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRI8ECxmBBsr3dej03615jbcGdAy8QpSgwKtfvWrF0mSJVQYwrHWXc9NTZBjZRjhdFLpZZqmmIzwgHYtFTihOshnp07QiVUiFEtlSxg0U39P5DjRepyEtjPBZqgXvan4n9fNTHwZ5EykmaGCzBfFGUdGounfKGKKEsPHlmCimL0VkSFWmBibTsWG4C2+vEz8s8ZVw707rzWvizTKcATHUAcPLqAJt9ACHwgM4Ble4c3hzovz7nzMW0tOMXMIf+B8/gD7AI0g</latexit>

(e)
<latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit><latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit><latexit sha1_base64="tIgE9yUWo9ImbV935sxLZI5chd0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvoqnvXLFrbkzkGVSz0kFcjR75a9uP2ZphNIwQbXu1N3E+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRtCffHlZeKd1a5q7t15pXGdp1GEIziGKtThAhpwC03wgMEAnuEV3hzhvDjvzse8teDkM4fwB87nD/yEjSE=</latexit>

!
/
!
?

<latexit sha1_base64="crcUpzNMi3ovC1p0JNGcDXwZkJk=">AAACAXicbZDNSsNAFIUn9a/Wv6grcRMsgotSExHUXdGNywrGFpoQJtPbdnCSGWYmQgnFja/ixoWKW9/CnW/jtM1CWw8MfJx7L3fuiQWjSrvut1VaWFxaXimvVtbWNza37O2dO8UzScAnnHHZjrECRlPwNdUM2kICTmIGrfj+alxvPYBUlKe3eiggTHA/pT1KsDZWZO8FPIE+DmrHQW2KUR4IkGIU2VW37k7kzINXQBUVakb2V9DlJEsg1YRhpTqeK3SYY6kpYTCqBJkCgck97kPHYIoTUGE+OWHkHBqn6/S4NC/VzsT9PZHjRKlhEpvOBOuBmq2Nzf9qnUz3zsOcpiLTkJLpol7GHM2dcR5Ol0ogmg0NYCKp+atDBlhiok1qFROCN3vyPPgn9Yu6e3NabVwWaZTRPjpAR8hDZ6iBrlET+YigR/SMXtGb9WS9WO/Wx7S1ZBUzu+iPrM8fRVmW6w==</latexit><latexit sha1_base64="crcUpzNMi3ovC1p0JNGcDXwZkJk=">AAACAXicbZDNSsNAFIUn9a/Wv6grcRMsgotSExHUXdGNywrGFpoQJtPbdnCSGWYmQgnFja/ixoWKW9/CnW/jtM1CWw8MfJx7L3fuiQWjSrvut1VaWFxaXimvVtbWNza37O2dO8UzScAnnHHZjrECRlPwNdUM2kICTmIGrfj+alxvPYBUlKe3eiggTHA/pT1KsDZWZO8FPIE+DmrHQW2KUR4IkGIU2VW37k7kzINXQBUVakb2V9DlJEsg1YRhpTqeK3SYY6kpYTCqBJkCgck97kPHYIoTUGE+OWHkHBqn6/S4NC/VzsT9PZHjRKlhEpvOBOuBmq2Nzf9qnUz3zsOcpiLTkJLpol7GHM2dcR5Ol0ogmg0NYCKp+atDBlhiok1qFROCN3vyPPgn9Yu6e3NabVwWaZTRPjpAR8hDZ6iBrlET+YigR/SMXtGb9WS9WO/Wx7S1ZBUzu+iPrM8fRVmW6w==</latexit><latexit sha1_base64="crcUpzNMi3ovC1p0JNGcDXwZkJk=">AAACAXicbZDNSsNAFIUn9a/Wv6grcRMsgotSExHUXdGNywrGFpoQJtPbdnCSGWYmQgnFja/ixoWKW9/CnW/jtM1CWw8MfJx7L3fuiQWjSrvut1VaWFxaXimvVtbWNza37O2dO8UzScAnnHHZjrECRlPwNdUM2kICTmIGrfj+alxvPYBUlKe3eiggTHA/pT1KsDZWZO8FPIE+DmrHQW2KUR4IkGIU2VW37k7kzINXQBUVakb2V9DlJEsg1YRhpTqeK3SYY6kpYTCqBJkCgck97kPHYIoTUGE+OWHkHBqn6/S4NC/VzsT9PZHjRKlhEpvOBOuBmq2Nzf9qnUz3zsOcpiLTkJLpol7GHM2dcR5Ol0ogmg0NYCKp+atDBlhiok1qFROCN3vyPPgn9Yu6e3NabVwWaZTRPjpAR8hDZ6iBrlET+YigR/SMXtGb9WS9WO/Wx7S1ZBUzu+iPrM8fRVmW6w==</latexit>

N = 2000
<latexit sha1_base64="OurHANPh47fiF2B4Oe/meyuQeq8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5ItgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8Tv1a9rKL7s0r9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9SjY3W</latexit><latexit sha1_base64="OurHANPh47fiF2B4Oe/meyuQeq8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5ItgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8Tv1a9rKL7s0r9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9SjY3W</latexit><latexit sha1_base64="OurHANPh47fiF2B4Oe/meyuQeq8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5ItgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8Tv1a9rKL7s0r9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9SjY3W</latexit>

Breathing frequencies (red, green and black curves) as a function of
∆a, for three values of the particle number N. The blue curve is −µ/~,
with µ the chemical potential for µ < 0 (quantum droplet regime).



Spin-dipole mode (I)

We now consider the oscillatory motion occurring when there is a
displacement z̄1(t)− z̄2(t) along the z axis of the centers of mass z̄j(t)
of the two bosonic components.
To model this spin-dipole collective dynamics, we go beyond the
assumption where the two components occupy the same spatial mode.
The corresponding Gaussian variational ansatz is given by

ψj(r, t) =

√√√√√ Nj

π3/2
∏

K=x,y ,z

σK (t)
×

exp

[ ∑
K=x,y ,z

(
− (K − z̄j(t)δK ,z)2

2σK ,j(t)2
+ iαj(t)z + iβK ,j(t)K 2

)]
,

where the fields ψj(r, t) are normalized to Nj .



Spin-dipole mode (II)

We insert the time-dependent variational ansatz for the two fields ψj(r, t)
into the beyond-mean-field effective action, which becomes a functional
of the variational parameters.
After several manipulations, we find11 that the spin-dipole frequency ωsd

of the relative motion of the two bosonic clouds can be written as

ω2
sd

ω2
⊥

= −
√

8

π

N1

(
a12/a⊥

)
σ2
ρ,0σ

3
z,0

+
2048

25π1/4

(a11/a⊥)5/2N
3/2
1

σ2
ρ,0σ

7/2
z,0

, (14)

where σρ,0 and σz,0 are the equilibrium values, and assuming N1 = N2.

11A. Cappellaro, T. Macri, LS, Phys. Rev. A 97, 053623 (2018).



Spin-dipole mode (III)
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N = 10000
<latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit><latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit><latexit sha1_base64="9uburNd6dUtKTZSrJI1wqHJ3MYc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEoevEkFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6387S8srq2nppo7y5tb2zW9nbf9RJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJn4zSdUmifywYxSDGLalzzijBorNe+uPNeiW6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj13TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Z30uEJmxMgSyhS3txI2oIoyYxMq2xC8+ZcXiX9au6y592fV+nWRRgkO4QhOwINzqMMtNMAHBkN4hld4c1LnxXl3PmatS04xcwB/4Hz+AL/Qjg8=</latexit>

N = 1000
<latexit sha1_base64="x3jrththnlBm6e/IHl23ZWeavgM=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KlkR1INQ9OJJKrhtoV1KNs22sdlkSbJCKf0PXjyoePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt7e0vLK6tl7YKG5ube/slvb260ZlmrKAKqF0MyKGCS5ZYLkVrJlqRpJIsEY0uJn4jSemDVfywQ5TFiakJ3nMKbFOqt9d+RjjTqmMK3gKtEj8nJQhR61T+mp3Fc0SJi0VxJiWj1Mbjoi2nAo2LrYzw1JCB6THWo5KkjATjqbXjtGxU7ooVtqVtGiq/p4YkcSYYRK5zoTYvpn3JuJ/Xiuz8UU44jLNLJN0tijOBLIKTV5HXa4ZtWLoCKGau1sR7RNNqHUBFV0I/vzLiyQ4rVxW8P1ZuXqdp1GAQziCE/DhHKpwCzUIgMIjPMMrvHnKe/HevY9Z65KXzxzAH3ifP1EHjdU=</latexit><latexit sha1_base64="x3jrththnlBm6e/IHl23ZWeavgM=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KlkR1INQ9OJJKrhtoV1KNs22sdlkSbJCKf0PXjyoePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt7e0vLK6tl7YKG5ube/slvb260ZlmrKAKqF0MyKGCS5ZYLkVrJlqRpJIsEY0uJn4jSemDVfywQ5TFiakJ3nMKbFOqt9d+RjjTqmMK3gKtEj8nJQhR61T+mp3Fc0SJi0VxJiWj1Mbjoi2nAo2LrYzw1JCB6THWo5KkjATjqbXjtGxU7ooVtqVtGiq/p4YkcSYYRK5zoTYvpn3JuJ/Xiuz8UU44jLNLJN0tijOBLIKTV5HXa4ZtWLoCKGau1sR7RNNqHUBFV0I/vzLiyQ4rVxW8P1ZuXqdp1GAQziCE/DhHKpwCzUIgMIjPMMrvHnKe/HevY9Z65KXzxzAH3ifP1EHjdU=</latexit><latexit sha1_base64="x3jrththnlBm6e/IHl23ZWeavgM=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KlkR1INQ9OJJKrhtoV1KNs22sdlkSbJCKf0PXjyoePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt7e0vLK6tl7YKG5ube/slvb260ZlmrKAKqF0MyKGCS5ZYLkVrJlqRpJIsEY0uJn4jSemDVfywQ5TFiakJ3nMKbFOqt9d+RjjTqmMK3gKtEj8nJQhR61T+mp3Fc0SJi0VxJiWj1Mbjoi2nAo2LrYzw1JCB6THWo5KkjATjqbXjtGxU7ooVtqVtGiq/p4YkcSYYRK5zoTYvpn3JuJ/Xiuz8UU44jLNLJN0tijOBLIKTV5HXa4ZtWLoCKGau1sR7RNNqHUBFV0I/vzLiyQ4rVxW8P1ZuXqdp1GAQziCE/DhHKpwCzUIgMIjPMMrvHnKe/HevY9Z65KXzxzAH3ifP1EHjdU=</latexit>

N = 4000
<latexit sha1_base64="kv+v/YlHSnXiOp7KAYM3hEctI+0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5KVgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8T/6x6WUX3tUr9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9VmY3Y</latexit><latexit sha1_base64="kv+v/YlHSnXiOp7KAYM3hEctI+0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5KVgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8T/6x6WUX3tUr9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9VmY3Y</latexit><latexit sha1_base64="kv+v/YlHSnXiOp7KAYM3hEctI+0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCp5KVgnoQil48SQW3LbRLyabZNjabLElWKEv/gxcPKl79Qd78N6btHrT1wcDjvRlm5oUJZ9og9O0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKRzdTv/VElWZSPJhxQoMYDwSLGMHGSs27qxpCqFeuoCqawV0mXk4qkKPRK391+5KkMRWGcKx1x0OJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2ol7YpW+G0llSxh3pv6eyHCs9TgObWeMzVAvelPxP6+TmugiyJhIUkMFmS+KUu4a6U5fd/tMUWL42BJMFLO3umSIFSbGBlSyIXiLLy8T/6x6WUX3tUr9Ok+jCEdwDKfgwTnU4RYa4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9VmY3Y</latexit>

� a / a0
<latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit><latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit><latexit sha1_base64="mVgNXb6OOLZ539pmiwXPov99tR8=">AAAB+3icbVDLSsNAFJ3UV62vaJdugkVwITURQd0VdeGygrGFJoTJdNIOnUzCzI0QQv0VNy5U3Poj7vwbp20W2nqYuRzOuZe5c8KUMwW2/W1UlpZXVteq67WNza3tHXN370ElmSTUJQlPZDfEinImqAsMOO2mkuI45LQTjq4nfueRSsUScQ95Sv0YDwSLGMGgpcCsezeUA/aO9TnRNSjscWA27KY9hbVInJI0UIl2YH55/YRkMRVAOFaq59gp+AWWwAin45qXKZpiMsID2tNU4Jgqv5guP7YOtdK3okTqK8Caqr8nChwrlceh7owxDNW8NxH/83oZRBd+wUSaARVk9lCUcQsSa5KE1WeSEuC5JphIpne1yBBLTEDnVdMhOPNfXiTuafOyad+dNVpXZRpVtI8O0BFy0DlqoVvURi4iKEfP6BW9GU/Gi/FufMxaK0Y5U0d/YHz+AH5ok5I=</latexit>

(a)
<latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit><latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit><latexit sha1_base64="sLfE53yfdU3SgX/xnFR+0oFv8BA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvkpPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/Z0jR0=</latexit>

(b)
<latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit><latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit><latexit sha1_base64="+PTdbIXoM63y7CJxaVM179UKHR0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvhqc9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhJd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/f4jR4=</latexit>

(c)
<latexit sha1_base64="oOrowWJBRYkGz8MRrOdNaG8x2x4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/l8jR8=</latexit><latexit sha1_base64="oOrowWJBRYkGz8MRrOdNaG8x2x4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/l8jR8=</latexit><latexit sha1_base64="oOrowWJBRYkGz8MRrOdNaG8x2x4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPH/l8jR8=</latexit>

!
s
d
/
!
?

<latexit sha1_base64="rAcYqZKmsxZnEyhEX3LuzGOj2mY=">AAACBnicbVDLSsNAFJ3UV62vqEtBgkVwUWoigrorunFZwdhCE8JkctMOnTyYmQglZOfGX3HjQsWt3+DOv3HaRtDWAxfOnHMvc+/xU0aFNM0vrbKwuLS8Ul2tra1vbG7p2zt3Isk4AZskLOFdHwtgNAZbUsmgm3LAkc+g4w+vxn7nHrigSXwrRym4Ee7HNKQESyV5+r6TRNDHXi6CwmkcO42ft5MCTwtPr5tNcwJjnlglqaMSbU//dIKEZBHEkjAsRM8yU+nmmEtKGBQ1JxOQYjLEfegpGuMIhJtP7iiMQ6UERphwVbE0JurviRxHQowiX3VGWA7ErDcW//N6mQzP3ZzGaSYhJtOPwowZMjHGoRgB5UAkGymCCadqV4MMMMdEquhqKgRr9uR5Yp80L5rmzWm9dVmmUUV76AAdIQudoRa6Rm1kI4Ie0BN6Qa/ao/asvWnv09aKVs7soj/QPr4BhMeZSw==</latexit><latexit sha1_base64="rAcYqZKmsxZnEyhEX3LuzGOj2mY=">AAACBnicbVDLSsNAFJ3UV62vqEtBgkVwUWoigrorunFZwdhCE8JkctMOnTyYmQglZOfGX3HjQsWt3+DOv3HaRtDWAxfOnHMvc+/xU0aFNM0vrbKwuLS8Ul2tra1vbG7p2zt3Isk4AZskLOFdHwtgNAZbUsmgm3LAkc+g4w+vxn7nHrigSXwrRym4Ee7HNKQESyV5+r6TRNDHXi6CwmkcO42ft5MCTwtPr5tNcwJjnlglqaMSbU//dIKEZBHEkjAsRM8yU+nmmEtKGBQ1JxOQYjLEfegpGuMIhJtP7iiMQ6UERphwVbE0JurviRxHQowiX3VGWA7ErDcW//N6mQzP3ZzGaSYhJtOPwowZMjHGoRgB5UAkGymCCadqV4MMMMdEquhqKgRr9uR5Yp80L5rmzWm9dVmmUUV76AAdIQudoRa6Rm1kI4Ie0BN6Qa/ao/asvWnv09aKVs7soj/QPr4BhMeZSw==</latexit><latexit sha1_base64="rAcYqZKmsxZnEyhEX3LuzGOj2mY=">AAACBnicbVDLSsNAFJ3UV62vqEtBgkVwUWoigrorunFZwdhCE8JkctMOnTyYmQglZOfGX3HjQsWt3+DOv3HaRtDWAxfOnHMvc+/xU0aFNM0vrbKwuLS8Ul2tra1vbG7p2zt3Isk4AZskLOFdHwtgNAZbUsmgm3LAkc+g4w+vxn7nHrigSXwrRym4Ee7HNKQESyV5+r6TRNDHXi6CwmkcO42ft5MCTwtPr5tNcwJjnlglqaMSbU//dIKEZBHEkjAsRM8yU+nmmEtKGBQ1JxOQYjLEfegpGuMIhJtP7iiMQ6UERphwVbE0JurviRxHQowiX3VGWA7ErDcW//N6mQzP3ZzGaSYhJtOPwowZMjHGoRgB5UAkGymCCadqV4MMMMdEquhqKgRr9uR5Yp80L5rmzWm9dVmmUUV76AAdIQudoRa6Rm1kI4Ie0BN6Qa/ao/asvWnv09aKVs7soj/QPr4BhMeZSw==</latexit>

Spin-dipole frequency (black curve with red dots) as a function of ∆a, for
three values of the particle number N. The blue curve is −µ/~ for
µ < 0.



Conclusions

We have analyzed a two-component BEC with attractive
interparticle interactions along the crossover from soliton to
self-bound droplets in a quasi one dimensional waveguide.

We have found a sharp difference of the collective modes in the two
regimes:
– in the soliton regime: two distinguishable collective frequencies;
– deep into the spherical droplet regime: only one breathing
frequency (triple degenerate).

Also the spin-dipole mode can be excited, and we have found an
analytical formula for it.



Open problems

The experimental observability of collective modes in the quantum
droplet (collective oscillations vs particle emission).

The role of Rabi coupling on the properties of a two-component
quantum droplet12.

The soliton-droplet crossover in a quasi-1D toroidal configuration.

The formation of quantized vortices in a two-component quantum
droplet.

Two-component quantum droplets made of atoms with different
masses.

12For recent theoretical results see: A. Cappellaro, T. Macri, G.F. Bertacco, and LS,
Sci Rep. 7, 13358 (2017).
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