
Ginzburg-Landau Equation

Luca Salasnich

Dipartimento di Fisica e Astronomia “Galileo Galilei”, Università di Padova
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Ginzburg-Landau phenomenological theory (I)

In 1950, seven years before the Bardeen-Cooper-Schrieffer (BCS) theory1,
Lev Landau and Vitaly Ginzburg proposed2 a phenomenological approach
to describe the superconducting phase transition. The main idea is that,
close to the critical temperature, the Helmholtz free energy of a
superconducting material can be written as

F = Fn + Fs , (1)

where Fn is the contribution due to the normal component and Fs is the
contibution due to the emergence of a superconducting complex order
parameter Ψ below a critical temperature. Ginzburg and Landau used the
words Ψ-theory to indicate their phenomenological theory.

1J. Bardeen, L.N. Cooper, and J.R. Schrieffer, Phys. Rev. 106, 162(1957).
2V.L. Ginzburg and L.D. Landau, Zh. Eksp. Teor. Fiz. 20, 1064 (1950).



Ginzburg-Landau phenomenological theory (II)

Within the Ginzburg-Landau approach, for a D-dimensional system of
volume LD , the super component Fs is given by

Fs =

∫
LD

dDr

{
a(T ) |Ψ(r)|2 +

b

2
|Ψ(r)|4 + γ |∇Ψ(r)|2

}
, (2)

where
a(T ) = α kB (T − Tc) (3)

is a parameter which depends on the temperature T (kB is the
Boltzmann constant) and becomes zero at the mean-field critical
temperature Tc , while b > 0 and γ > 0 are temperature-independent
phenomenological parameters.



Ginzburg-Landau phenomenological theory (III)

Assuming a real and uniform order parameter, i.e.

Ψ(r) = Ψ0 , (4)

the energy functional (2) with Eqs. (3) and (4) becomes

Fs0

LD
= a(T ) Ψ2

0 +
b

2
Ψ4

0 . (5)

Minimizing Fs0 with respect to Ψ0 one immediately finds

a(T ) Ψ0 + b Ψ3
0 = 0 , (6)

and consequently

Ψ0 =

{
0 for T ≥ Tc√
− a(T )

b =
√

αkB (Tc−T )
b for T < Tc

. (7)

Thus, the uniform order parameter Ψ0 becomes different from zero only
below the mean-field critical temperature Tc .



Ginzburg-Landau vs BCS

In 1959 Lev Gor’kov3 showed that the phenomenological
Ginzburg-Landau theory can be deduced from the microscopic BCS
theory. In particular, the order parameter Ψ0 can be identified with the
BCS energy gap ∆0, while the coefficients α, b and γ of the
Ginzburg-Landau energy functional (2) are directly related to the
parameters of the BCS Hamiltonian.
We notice, however, that the Ginzburg-Landau theory is somehow better
than the the mean-field BCS theory because, in general, the
Ginzburg-Landau order parameter Ψ(r) is not uniform, while the
mean-field BEC energy gap ∆0 is assumed to be uniform.

3L.P. Gor’kov, Sov. Phys. JETP 36, 1364 (1959).



Ginzburg-Landau equation (I)

Let us now consider the effects of a space-dependent Ginzburg-Landau
order parameter Ψ(r). Extremizing the functional (2) with respect to
ψ∗(r) one gets the Euler-Lagrange equation

−γ∇2Ψ + a(T ) Ψ + b |Ψ|2Ψ = 0 . (8)

This equation is called Ginzburg-Landau equation, and it is formally
equivalent to the zero-temperature Gross-Pitaevskii equation with the
following identifications:

γ → ~2

2m
, (9)

a(T ) → −µ , (10)

b → g . (11)



Thermal properties and functional integration (I)

The partition function Z of the system is given by

Z = e−βFn Zs (12)

where

Zs =

∫
d [Ψ∗,Ψ] e−βFs [Ψ,Ψ∗] , (13)

with β = 1/(kBT ), and the thermal average of an observable A that is a
functional of Ψ(r) and Ψ∗(r) reads

〈A〉 =
1

Zs

∫
d [Ψ,Ψ∗]A[Ψ,Ψ∗] e−βFs [Ψ,Ψ∗] . (14)

Notice that in these functional integrals the complex field Ψ(r) does not
depend on time. They are fully reliable at high temperatures where
quantum fluctuations are negligible.



Thermal properties and functional integration (II)

We write the space-dependent order parameter Ψ(r) in the following way

Ψ(r) = Φ0 + η(r) , (15)

where η(r) represents a fluctuation with respect to the real and uniform
configuration Φ0 with the condition

〈η〉 = 〈η∗〉 = 0 , (16)

where 〈·〉 is the thermal average.
Inserting Eq. (15) into Eq. (8), we find

a(T ) Φ0 + b Φ3
0 + a(T ) η + 2b Φ2

0η + b Φ2
0η
∗ + 2b Φ0|η|2

+ b Φ0η
2 + b |η|2η − γ∇2η = 0 . (17)



Thermal properties and functional integration (III)

After thermal averaging we obtain[
a(T ) + 2b 〈|η|2〉+ b 〈η2〉

]
Φ0 + b Φ3

0 + b 〈|η|2η〉 = 0 . (18)

Clearly, only removing all thermal averages one finds that Φ0 is equal to
Ψ0 and given by Eq. (7).
We take into account thermal fluctuations of the order parameter by
keeping 〈|η|2〉 but neglecting the anomalous averages 〈η2〉 and 〈|η|2η〉. In
this way we get (

a(T ) + 2b 〈|η|2〉
)

Φ0 + b Φ3
0 = 0 , (19)

and consequently

Φ0 =

{
0 for T ≥ Tc,B√
− a(T )+2b〈|η|2〉

b for T < Tc,B

. (20)



Thermal properties and functional integration (IV)

The uniform order parameter Φ0 is different from zero only below the
beyond-mean-field critical temperature Tc,B given by the equation

a(Tc,B) + 2b 〈|η|2〉c,B = 0 , (21)

namely
αkB(Tc − Tc,B) + 2b 〈|η|2〉c,B = 0 . (22)

To get Tc,B one must calculate 〈|η|2〉c,B .
The details of this calculation can be found in
A. Larkin and A. Varlamov, Theory of Fluctuations in Superconductors,
chap. 2 (Clarendon Press, 2007).
L. Salasnich, Quantum Physics of Light and Matter, chap. 9 (Springer,
2017).


